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Asymptotic Behavior of the Maximum
Likelihood Estimator for Ergodic and
Nonergodic Square-Root Diffusions

MOHAMED BEN ALAYA AND AHMED KEBAIER

Université Paris 13, Sorbonne Paris Cité, LAGA, CNRS (UMR 7539),
Villetaneuse, France

This article deals with the problem of global parameter estimation in the
Cox-Ingersoll-Ross (CIR) model (X,),~o. This model is frequently used in finance
for example, to model the evolution of short-term interest rates or as a dynamic of
the volatility in the Heston model. In continuity with a recent work by Ben Alaya
and Kebaier [1], we establish new asymptotic results on the maximum likelihood
estimator (MLE) associated to the global estimation of the drift parameters of
(X))=0- To do so, we need to study the asymptotic behavior of the quadruplet
(logX,, X,, [, X,ds, [y &). This allows us to obtain various and original limit
theorems on our MLE, with different rates and different types of limit distributions.
Our results are obtained for both cases: ergodic and nonergodic diffusion.

Keywords Cox-Ingersoll-Ross processes; Laplace transform; Limit theorems;
Nonergodic diffusion; Parameter inference.

Mathematics Subject Classification 44A10; 60F05; 62F12.

1. Introduction

The Cox-Ingersoll-Ross (CIR) process is widely used in mathematical finance to
model the evolution of short-term interest rates. It is also used in the valuation
of interest rate derivatives. It was introduced by Cox et al. [2] as solution to the
stochastic differential equation (SDE)

dX, = (a — bX,)dt +/26|X,|dW,, (1)
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where Xy =x>0,a>0,beR, 0> 0and (W), is a standard Brownian motion.
Under the above assumption on the parameters that we will suppose valid
throughout this article, this SDE has a unique non-negative strong solution (X,) -
(see Tkeda and Watanabe [8, p. 221]). In the particular case b =0 and ¢ = 2, we
recover the square of a a-dimensional Bessel process starting at x. For extensive
studies on Bessel processes we refer to Revuz and Yor [18] and Pitman and Yor
[16] and [17]. The behavior of the CIR process X mainly depends on the sign of
b. Indeed, in the case b > 0 there exists a unique stationary distribution, say =,
of X and the stationary CIR processes enjoy the ergodic property that is: for all
he L'(m), ! [, h(X,)ds converges almost surely to [, h(x)n(dx). In the case a > o,
the CIR process X stays strictly positive; for 0 < a < g, it hits 0 with probability
p €]0, 1] if b < 0 and almost surely if b > 0, the state 0 is instantaneously reflecting
(see, e.g., [6] for more details).

During the past decades, inference for diffusion models has become one of
the core areas in statistical sciences. The basic results concerning the problem of
estimating the drift parameters when a diffusion process was observed continuously
are well summarized in the books by Lipster and Shiryayev [13] and Kutoyants
[11]. This approach is rather theoretical, since the real data are discrete time
observations. Nevertheless, if the error due to discretization is negligible then the
statistical results obtained for the continuous time model are valid for discrete
time observations too. Most of these results concern the case of ergodic diffusions
with coefficients satisfying the Lipschitz and linearity growth conditions. In the
literature, only few results can be found for nonergodic diffusions or diffusions
with nonregular coefficients such as the CIR. To our knowledge, one of the first
articles having studied the problem of global parameter estimation in the CIR model
is that of Fournié and Talay [4]. They have obtained a nice explicit formula of
the maximum likelihood estimator (MLE) of the drift parameters 6 := (a, b) and
have established its asymptotic normality only in the case b >0 and a > ¢ by
using the classical martingale central limit theorem. Otherwise, for cases b <0 or
a < o this argument is no more valid. Note that, in practice, the parameter o is
usually assumed to be known and one can estimate it separately using the quadratic
variation of the process X. Afterward, Overbeck [14] considers the CIR model in
the context of a continuous branching process with immigration rate a > 0 (CBI)
and he gives more detailed results by including singular subdomains. By establishing
all three properties LAN (local asymptotic normality), LAMN (local asymptotic
mixed normality), and LAQ (local asymptotic quadraticity), he obtains consistency
and asymptotic normality for the MLE for different submodels. Simultaneously,
Overbeck and Ryden [15] examine the same problem from the discrete point of view.

In a recent work, Ben Alaya and Kebaier [1] use a new approach based on
Laplace transform technics to study the asymptotic behavior of the MLE associated
to one of the drift parameters in the CIR model, given that the other one is known,
for a range of values (a, b, ) covering ergodic and nonergodic situations. More
precisely, they prove that

o First case: when a is supposed to be known the MLE of 6 = b is given by

A al 4+ x — X,
b - T—.
Jo X.ds

T =
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If b > 0, the asymptotic theorem on the error b, — b is obtained with a rate
equal to +/7 and the limit distribution is Gaussian. However, for b < 0 and
b =0, when the diffusion (X,),., is not ergodic, the rate of convergence are
respectively equal to 7?72 and T and the obtained limit distributions are not
guassians (for more details see of [1, Theorem 1])

e Second case: when b is supposed to be known, the MLE of 6 = a, given by

log X; —logx +bT 40 [ &

T ds ’
0 X

ar =

is well defined only for a > ¢. When a > g, the asymptotic theorem on the
error a, — a is obtained with a rate equal to +/7 if b > 0 and with a rate
equal to {/log T if b = 0 and the limit distribution is Gaussian in both cases.
When a = g, the asymptotic theorem on the error a; — a is obtained with
a rate equal to 7 if b > 0 and with a rate equal to log7 if » =0 and the
corresponding limit distributions are not guassians. However, for the case b <
0 the MLE estimator a; is not consistent (for more details, see [1, Theorem
2]). Note that for the case » < 0, when the diffusion (X,), is not ergodic, and
even in the case b > 0 and a = o, when the diffision is ergodic, the quantity
1 fo ; ds goes to infinity as ¢ tends to infinity and consequently the classical
techmcs based on central limt theorem for martingales fail.

In order to pove the first case results, Ben Alaya and Kebaier [1] use the explicit
Laplace transform of the couple (X7, fOT X.ds) which is well known (see, e.g. [12,
p. 127]), in view to study its asymptotic behavior (see Theorem 1). However, for

the second case, they only use the explicit Laplace transform of fo ;’(‘ based on a
recent work of Craddock and Lennox [3] to deduce its asymptotic behavior too
(see Theorem 3).

The aim of this article is to study the global MLE estimator of parameter 0 =
(a, b) for a range of values (a, b, o) covering ergodic and nonergodic situations.
Indeed, it turns out that the MLE of 6 = (a, b) is defined only when a > ¢ and the
associated estimation error is given by

(logXT—logx+(a a)fT’“>f0Tde—T(XT—x—aT)
’”fo X,ds — T?

ar—a=

T(logXT 1ogx+bT+ofT‘“)—(Xr—erbfoTXst)foT%j
Td‘ fo X,ds —T? .

Hence, the results obtained by [l] are no longer sufficient for our proposed
study, since we need a precise description of the asymptotic behavior of the

quadruplet (log X, X;, fOT X.,ds, ! ‘“) appearing in the above error estimation. For
this purpose, we use once again the recent work of [3]. The obtained results are
stated in Section 2.

Then in the Section 3, we take advantage of this study to establish new
asymptotic theorems on the error estimation 60, — 0 with different rates of
convergence and different types of limit distributions that vary according to
assumptions made on the parameters a, b and o. More precisely, we prove that
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when a > g, the asymptotic theorem on the error @T — 0 is obtained with a rate
equal to /7 if b > 0 and with a rate equal to diag(\/log T, 7) if » = 0 and the limit
distribution is Gaussian only for the first case. When a = ¢, the asymptotic theorem
on the error @T — 0 is obtained with a rate equal to diag(7, /T) if b > 0 and with a
rate equal to diag(log 7, T) if b = 0 and the corresponding limit distributions are not
guassians. For b < 0 the MLE estimator @T is not consistent. Our results cover both
cases : ergodic and nonergodic situations and are summarized in Theorems 5-7.

In the last section, we study the problem of parameter estimation from discrete
observations. These observations consist of a discrete sample (X, )<, of the
CIR diffusion at deterministic and equidistant instants (7, = kA, )op<t<,. Our aim
is to study a new estimator 9 = , b ”) for 0 = (a,b) based on discrete
observations, under the conditions of hlgh frequency, A, — 0, and infinite horizon,
nA, — oo. Several authors have studied this estimation problem by basing the
inference on a discretization of the continuous likelihood ratio, see [5, 19]. In our
approach, we proceed in a slightly different way, we discretize the continuous time
MLE instead of considering the maximum argument of the discretized llkellhood
We give sufficient conditions on the stepsize A, under which the error 0 0
correctly normalized tends to zero, so that the limit theorems obtained in the
continuous time observations for O,n can be easily carried out for the discrete one

H,A It turns out that, for a > 20, these limit theorems are satisfied if n*A, — 0,
3

when b > 0, or max <n2An, %) — 0, when b = 0 (see Theorems 8 and 9). The

case 0 < a < 20, seems to be much more harder to treat and requires a specific and
more detailed analysis. For b > 0, the condition n?A, — 0 is consistent with those
of articles in the litterature dealing with the same problem for ergodic diffusions
with regular coefficients (see 19, and references therein]). However, for b = 0, the

nA,,

condition max ( n%A,, T

) — 0 seems to be quite original since it concerns a

nonergodic case.

2. Asymptotic Behavior of the Triplet (X,, [, X,ds, hx ! ds

Let us recall that (X,),., denotes a CIR process solution to (1). It is relevant to
consider separately the cases b =0 and b # 0, since the process (X)), behaves
differently.

21. Caseb=0

In this section, we consider the Cox-Ingersoll-Ross CIR process (X,),., with b = 0.
In this particular case, (X)), satisfies the SDE

dX, = adt + /20X,dW,. (2)

Note that for ¢ = 2, we recover the square of a a-dimensional Bessel process starting

at x and denoted by BESQ{. This process has been attracting considerably the

attention of several studies (see [18]). Recently, Ben Alaya and Kebaier study the

seperate asymptotic behavior of (X,, fo X,ds) and fo - (see [1, Propositions 1 and
2]) and prove the following result.
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Theorem 1. Let (X,),., be a CIR process solution to (2), we have

1. )i 7 Jo ' X, ds) it (Ry, 1)) as t tends to infinity, where (R,),s, is the CIR process

starting from 0, solution to (2) and I, = fo R.ds.
2. P (f & <oo)—1ifand0nlyifaza.

0 X,
rgs P 1 . .
3. If a > o then — 10gt 0% > T ast tends to infinity.
;  law . , . L .
4. If a = o then W 0’ % —> 1, as t tends to infinity, where t, is the hitting time
associated with Brownian motion t, = inf {t >0: W, = \#}

In the following, we study the asymptotic behavior of the triplet (X,, fot
X.,ds, [ ‘“) which makes sense only and olny if a > ¢ and we prove the following
result.

Theorem 2. Let (X,),.o be a CIR process solution to (2), we have
1. If a > o then

X 1 rt 1 td aw 1
=L —/ X,ds, —/ &) taw R, I,, —— | as t tends to infinity.
t 2o logtJo X a—o

s

2. If a = o then

X 1 ! 1 tds law
(7', I_Z/o X.ds, W/O Z) (R, I, 1)) ast tends to infinity.

Here, (R,),s, denotes the CIR process starting from 0, solution to (2), I, = fo R.ds,
and 1, is the hitting time associated with Brownian motion 1, := inf {t >0:W, = «/_27}
Moreover, the couple (R, I,) and the random time t, are independent.

In order to prove this proposition, we choose to compute the Laplace transform
of the quadruplet (log X,, X,, [, X,ds, [, "‘) Here is the obtained result.

M

Proposition 1. For p>0,A>0, u>0andne]l—k — 3= %, +oo[, we have

]E (X'i —pXi— /[ox‘if H[() d;)

CT+k+3+1)
EEETCES)) p

- “/?x coth(ﬂt))

————— k—n

g sinh(v/ a/t)
v 1 Volx
XlFl 7[+k+*+*,v+1, B
22 o sinh(v/a ) ((ﬁp/ﬂ) sinh(v/or) + cosh(«/olt))
(3)

x [ Y ((f p/+/7) sinh(v/a 1) + cosh(va z))
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where k = 35, v = i,/ (a — 0)*> +4uc and |F, is the confluent hypergeometric function
defined by |F\(u,v,z) =Y ., ,:_n_,: with uy = vy = 1, and forn > 1, u, = ]_[Z;(l)(u + k)
and v, = [T;Z (v + k).

Consequently, the Laplace transform of the triplet (X,, [j X,ds, [j £) is

obtained by taking n = 0 in relation (3) and we have the following result.
Corollary 1. For p > 0,2 > 0 and u > 0, we have
lEX (e—px,—/ijg Xsdsf,ulot ;{—:)

v 1 )
= fk+5+2) exp (— Vol coth(@t))

rv+1) o
%+%7k _y_1_
(%) ((ﬁp/ﬂ)sinh(mz)+cosh(«/az)) .

v 1 Volx
XlFl k—'—*-‘r*,v—'—l, H
22 o sinh(v/a 1) ((ﬁp/ﬁ) sinh(Vair) + cosh(«/alt))

)

where k = -, v = %J(a —0)2 +4puo.

Proof of Proposition 1. We apply Theorem 5.10 of [3] to our process. We have
just to be careful with the misprint in formula (5.24) of [3]. More precisely, we
have to replace /Axy, in the numerator of the first term in the right-hand side
of this formula, by +/Ax/y. Hence, for a > 0 and ¢ > 0, we obtain the so called
fundamental solution of the PDE u, = oxu,, + au, — (¥ + ix)u, 2> 0, u > 0:

N y\E12 ~ Voi(x+y) 2l /xy
P %) = i er) (3) e ( atanh(ﬂt)>1"<asinh(M¢) - 0

where I, is the modified Bessel function of the first kind. This yields the Laplace
transform of the quadruplet (log X,, X,, [; X,ds, [, 4), since

E, (Xfe“’xf‘”o' Xeds—iufy %> = /0 Y'e ”p(t, x, y)dy.

Evaluation of this integral is routine, see [7, Formula 2 of Section 6.643]. Therefore,
we get

E (X:,e—pxl—).(/b’ Xyds—p [, %j)
X

Tn+k+32+1 )
= Mx_k exp [ — ok coth(v o)
'v+1) o
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o sinh(v/a 1) "
Jal ((ﬁp/ﬁ) sinh(v/oir) + cosh(mt))
X €Xp ol
26 sinh(v/a /1) ((ﬁp/ﬁ) sinh(v/o 1) + cosh(«/at))
X Myt Vol O

o sinh(v/a 1) ((ﬁp/ﬁ) sinh(va2z) + cosh(mt))

where M, (z) is the Whittaker function of the first kind given by

. 1
M, . (z) =z'"+%e*51F1(r—s+§,2r+ 1, 2). (7

See [7] for more details about those special functions. We complete the proof by
inserting relation (7) in (6). |

Proof of Theorem 2. The first assertion is straightforward from Theorem 1. For the
last assertion and under notations ofthe above corollary, it is easy to check that

N Jolx
fim B, (&5 B0 TR ) i (s o2 (i)
. -

i=o (\Jap/~/7) sinh(v/a 1) 4 cosh(v/a )

()
" (Jop/v7) sinh(v/a2) + cosh(v/al)
=E, (e—pRl—/‘»ll) E, (e7").

t—o00

Which completes the proof. O

We now turn to the case b # 0.

2.2. Caseb#0
Let us resume the general model of the CIR given by relation (1) with b # 0, namely

dX, = (a — bX,)dt + /26X,dW,, 8)

where X, =x > 0, a > 0, b € R*, ¢ > 0. Note that this process may be represented
in terms of a square Bessel process through the relation X, = e Y (zib(e’” — 1)),

where Y denotes a BESQ? . This relation results from simple properties of square
Bessel processes (see, e.g., [6, 18]). In the same manner as for the case b = 0, Ben
Alaya and Kebaier study the seperate asymptotic behavior of (X,, fot X,ds) and 0[ ;—‘j
(see [1, Propositions 3 and 4]) and prove the following result.
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Theorem 3. Let (X,),., be a CIR process solution to (8), we have

1. If b > 0 then %jg X.ds LN ¢ as t tends to infinity.

law
2. If b <0 then ("X, e [ X,ds) —> (R, 1R,)), as t tends to infinity, where t, =
—1/b and (R,),-, is the CIR process, starting from x, solution to (2).

3. P, (O[§<oo>=lifand0nlyifa20'.

P
4. If b> 0 and a > o then l tﬁ — Y as t tends to infinity.
a—ao

1
5.Ifb>0and a = o then - = ot% = T, as t tends to infinity, where 1, is the hitting

time associated with Brownian motion ©, ;== inf{r > 0 : W, = . f}

law

6. Ifb<0and a> o then [} & — I = [." Ryds as t tends to infinity, where t, =
—1/b and (R,), is the CIR process starting from x, solution to (2).

According to the third assertion of the above theorem our next result makes
sense if and only if a > ¢ and we have.

Theorem 4. Let (X,),., be a CIR process solution to (8), we have

1.Ifb>0anda>0'then(f0)(d ’ds)i)

0 X (“ - ) as t tends to infinity.

b,
2. Ifb>0and a = o then (7 fo X, ds, % [y ‘h) s (4, 1,) as t tends 1o infinity, where

T, is the hitting time associated with Browman motion T, :=inf{r > 0 : W, = \/%}

3. If b<0and a > o then (eb‘X, eb’fo X.ds, ! ‘“) ﬂ) (R
infinity, where ty = —1/b, (R,),s, is the CIR process, starting from x solution to (2),
and I, = OIO R ds.

fo

tR It ), as t tends to

1 1

Proof of Theorem. The two first assertions are straightforward consequence from
Theorem 3. For the case b < 0 and a > o, we have only to note that ( fo ya F)i=0 is an
increasing process converging to a random variable with the same law as I, . The
result follows by [1, Assertion 2 of Proposition 3]. |

Nevertheless, the above theorem is not sufficient to prove all the asymptotic
results we manage to establish in our next section. Therefore, we need to prove in
extra the following result.

Proposition 2. For p >0, 1> 0 and > 0, we have
IEX <e—pX,—/',f0' Xyds—p 5 £ ds )

_nk+§+9 (
ERYCES))

q

— (at+x) — A— coth(At/Z))

u\_.

Ax  \T (20p+b ~5-4-+
2qsinh(Az/2) h(Az/2 h(At/2
* <2r7sinh(At/2)> ( A sinh(At/2) + cosh(At/ ))
Fleslel i Alx o)
X -+,
147 22 " 20 sinh(At/2) ((20p + b) sinh(At/2) + A cosh(At/2)) )’

where k = £, A= /b + 40l and v=1,/(a — 0)* + 4po.
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Proof. We apply Theorem 5.10 of [3], for b # 0. We obtain the fundamental
solution of the PDE u, = oxu,, + (a — bx)u, — (Ax + £)u, p > 0 and /1 > 0:

A Y\ @/20)-1/2
P %) = S h A (})
b A(x+y) AYxy
— [at -y] - I . (10
*exp (20— lat + (x = )] 2atanh(At/2)) "<o-sinh(At/2) (19)
Since IE, (e’f’xf**-/gxsd‘““fé%) = [y e ”p(t,x,y)dy, we deduce the Laplace

transform of the triplet (X,, f; X,ds, [, £). In the same manner as in the proof of

[7, Proposition 3, Formula 2 of Section 6.643] gives us
Ex (efpxtf/lfo/ ersfﬂfol )%)
Tk
T+ 1)

26 sinh(Ar/2) g
x <(20'p ¥ b)sinh(A7/2) + A cosh(At/2)>

exp <%(at +x) — ;‘—;C coth(At/Z))

A’x
xeXp (40’ sinh(A7/2) ((20p + b) sinh(A7/2) + A cosh(At/2))>

A’x
Moy (20 sinh(A#/2) ((20p + b) sinh(At/2) + Acosh(Al/Z))) - ab

Finally, by inserting relation (7) in (11) we obtain the announced result. O

3. Estimation of the CIR Diffusion from Continuous Observations

Let us first recall some basic notions on the construction of the maximum likelihood
estimator (MLE). Suppose that the one dimensional diffusion process (X,).
satisfies

dX, = b(0, X,)d1 + 6(X,)dW,. X, = x,,

where the parameter 0 € ® C R”, p > 1, is to be estimated. The coefficients b and ¢
are two functions satisfying conditions that guarantee the existence and uniqueness
of the SDE for each 0 € ®. We denote by P, the probability measure induced by the
solution of the equation on the canonical space C(IR,, R) with the natural filtration
%, :=0o(W,, s < t), and let P, , := IP;|F, be the restriction of P, to F,. If the integrals
in the next formula below make sense then the measures IP,, and PP, ,, for any
0,0, € 0,1t > 0, are equivalent (see [9, 13]) and we are able to introduce the so called
likelihood ratio

dIP b0, X,) — b0y, X 1 1620, X,) —b*(0,, X
0t ex / ( ’ s) ( 0 .s) dXS _ ( s) ( 0 s) dS )
a*(X,) 2Jo a*(X,)

LM = =
dP, ,

(12)

The process (L,U’U"),zo is an ,—martingale.
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In the present section, we observe the process X = (X,)y-,.y as a parametric
model solution to Equation (1), namely,

= (a — bX,)dt + /20 X,dW,,

where X, =x >0, a > 0, b € R, ¢ > 0. The unknown parameter, say 6, is involved
only in the drift part of the diffusion and we consider the case 0 = (a, b).

3.1. Parameter Estimation 0 = (a, b)

According to relation (12), the appropriate likelihood ratio, evaluated at time 7' with

0, = (ay, 0) for a fixed a, > o, makes sense when IP,( fOT % < 00) = | and is given by

Ly (0) = Ly(a, b) := Ly™

T

1 a—a, — bX, 1 (7 (a—bX,)*—a}
_ep{zo_/ — dXS_E/o — dsg.

5 R

Hence, for a > ¢, the MLE 9T = (ar, l;T) of 0 = (a, b) that maximizes L;(a, b) is
well defined and we have
fy X,ds [ 2% — T(X; — x)

8 ) Xds —T?

TfT T -0f

Xy

T‘“fo X,ds — T?

¥
S
I

oo

Hence, the error is given by
T T
Jo Xds [ =T [ X,
T fo X,ds — T?

T g KW,
Tdsfo X, ds — T?

ar —a=+2a

—b=+20 Th =

The above error is obviously of the form

T aw,
0, —0=V20(M);' My, with M= % (13)
_f() \/YAdWA

and ((M),),-, is the quadratic variation of the Brownian martingale (M,),.,. If this
quadratic variation, correctly normalized, converges in probability then the classical
martingale central limit theorem can be applied. Here and in the following —
means the convergence in distribution under P,.
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Theorem 5. For the case b > 0 and a > o

a

b

%, [ﬁ(ér - 0)} — Nga (0,20C7"), with € = (f _1> .

Proof. Since for a > ¢ and b > 0 the CIR process is ergodic and the stationary
distribution is a Gamma law with shape a/¢ and scale /b, the ergodic theorem
yields

1 r7d b M
lim — / X ds = —, lim — A and lim M =C IPja.s.
T—o0 T T—o0 T X a— o T—o0 T

Therefore, by the martingale central limit theorem we get #p{ =M} = N2 (0, ©).
We complete the proof using identity (13). a

In the following, it is relevant to rewrite, using It6’s formula, the MLE error as
follows

(logX —10gx+(a—a)fT ds)foTde—T(XT—x—aT)
droa= defOde—T2

T(lo X, —1 bT Tas) _(x, —x+b (" Xds) [ %
. g Xy —logx +bT +0a [§ § r—x+b [y Xds) [y ¥
by —b= Tdstde_Tz .

(14)

Consequently, the study of the vector (Xj, fo X/, ! ‘“) done in the previous
section, will be very helpful to investigate the limit law of ‘the error. The asymptotic
behavior of 0 — 0 can be summarized as follows.

Theorem 6. The MLE of 0 = (a, b) is well defined for a > o and satisfies

1. Case b=0 and a = ¢ : £,{diag(log T, 7)(0, — 0)}= (ﬁ, “_1]R1>, where (R,) is
the CIR process, starting from 0, solution to (2), I, = fot R.ds, and 7, is the hitting
time associated with Brownian motion 1, =inf{t >0 : W, = \/#277} The couple
(R,, I,) and the random time 1, are independent.

2 Case b=0 and a > o : L,{diag(y/Tog T, T)(0; — 0)})=> (./2a(a ~ )G, “;1’“),
where (R, 1)) is defined in the previous case, G is a standard normal random
variable indepedent of (R,, I).

Proof. Forthecaseb=0anda=o¢

log X7 —1 T Xr—x—aT
og X og"x<#f0Xsds)— T—X—a

log T TlogT

T g4s 1 T 1
((bgnz b _> X (ﬁ Jo Xsds) ~ Tog7?
log X7 —log x a T ds _ Xp—x 1 T ds
> T 0 X, 7 X \doer? Jo %,

fog7? T QogD?
1 T 4 LT 1
((logT) 0 Xb) X (ﬁ Jo Xsds) ~ Tog 12

diag(log T, T) (0, — 0) =
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By a scaling argument the process (X,,,) has the same distribution as a
bidimensional square Bessel process, starting from x, BESQ)%. It follows that

law |2 law

Xorse = 1By + x|I> £ T||B, + x/~T|?,

where (B,),., denotes a standard bidimensional Brownian motion. Hence,
log X /log T converges in law to one and consequently in probability. We complete
the proof of the first case using the second assertion of Theorem 2. For the case
b =0 and a > g, we have

log X7 —log x+(c—a) fOT }‘%j 1 rT Xp—x—aT
x (72 [y Xyds) — ==

A/ logT T4/ logT
1 T ds [ 1
<logT 0 Xs) X (T2 j;) XSds) log T

IOgXT*IOg«H“’f()T% _ Xr—x 1 T ds
logT T logT JO X

1 T ds LT 1
(logT 0 XT) X (ﬁ fO XSdS) - log T

Note that for any u € IR, v > 0 and w > 0 we have

logX, + (6 —a) [ & T
E, (exp |:u ! fo X %/0 X, ds — %XT

JdogT
T T
E, (X;7 exp [—pXT — )L/ X, ds — ,u/ ?})
0 o X

s =2 i=% and p= "2
4/10gT’ P T’ T° H AflogT

transform in the right hand side of the above equality is given by relation (3) of
Proposition 1 . Consequently, using standard evaluations, it is easy to prove that
the limit of the last quantity, when T tends to infinity, is equal to

diag(y/log T, T) (6, — 0) =

with n =

. The moment generating-Laplace

Jov ‘
(aw sinh(y/ov) + @cosh(ﬁ))
. 1 4uc(a—o0) o7—a u
XTliI}rlooeXp |:—logT<Z\/(a—a)2+ JiozT + 75 —\/@)}

e (;7w)
exp(——u").
a—o

Q

~(commire f_;a—ﬂcoshwa)

It follows that

IOgX +(O’—d) Tﬁ 1 T X aw 2
! J Xf,—/ X.ds, =1 ) 1% ? G,I,,R,
Vieg T T2 )y T a—o

as T tends to infinity.
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T ds

We complete the proof of the second assertion usmg that logT e

1
— (see

the first assertion of Theorem 2) and that —1°OgXT

e T LN 1, which is a starightforward

law
consequence of the above result, namely: X—TT — R,. O

Theorem 7. The MLE of 0 = (a, b) is well defined for a > o and satisfies

1. Case b> 0 and a = o : ZL,{diag(T, JT) (0, — 0= (%, \/2bG>, where G is a
standard normal random variable indepedent of t, the hitting time associated with
Brownian motion 1, = inf{t >0 : W, = f}

2. Case b < 0 and a > o: the MLE estimator OT is not consistent.
Proof. For the first case, we have

logXT—logx 1 _ Xp—x—aT
7 T fo Xds T

(% OT ?(_i) x (% fo Xsds) -7

log Xp—logx+bT XfofaTerfOT X,ds w (L T gs
TNT JT

1 T ds 1T 1
(F 0 x_) X (?fo Xsds)—;

At first, note that the term % appearing in the first component of the above relation
vanishes as T tends to infinity. This is straightforward by combining that

diag(T, VT)(0; — 0) =

X, x+a b T V2a T

or ' | Vxiaw
T T TJ ° T Jo !

with the classical large law number property for continuous martingales which

applies here, since % fOT X.ds LN % (see Assertion 2 of Theorem 4). Now, note that
for any u € R and v > 0, we have

T
E. (exp MXT—aT—l—be Xsds_i/Té
JT /) X

N

T T d
= e"”‘ﬁIEx (exp |:—pXT — /l/ X, ds — u/ _s])
0 0o X,

with p = — ﬁ A= —\‘/‘—11 and pu = 7;. The moment generating-Laplace transform in

the right hand side of the above equality is given by relation (9) of Proposition 2
with a = ¢. Using standard evaluations, it is easy to prove that the limit of the last
quantity, when 7T tends to infinity, is equal to

2Jv

N

lim 1e bT sinh b? — daub v
p— X —_—

7o 3 P\ T 2 JT
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— fim exp (%T _ auﬁ) exp (( - ;_*fj; - 1) (g o 47;))

e (02;2 ~ b}f)

XT—aT+bfl)T X,ds 1 T 4s . 2
JT » 72 Jo X, converges 1n law to bO'G, Ty when

T tends to infinity. On the other hand, using that the CIR process (X,) can be
represented in terms of a BESQ? as follows

Hence, the couple (

law

X, = e—”BESQi(%(e” - 1))

and that log BESQ*(7)/log T converges in probability to one, we obtain that

(log X; —logx + bT)/T converges in probability to b and consequently we deduce
log X7
T
(see assertion 2 of Theorem 4).

For the second case, b < 0 and a > o, we have

P . . P
—> 0. We complete the proof of the first assertion using that % fOT X ds — ¢

X,ds [} e =T [ /X.dW,

T
&T—azx/%fo 7 -
I ;(Lifo X, ds —T?

fT aw, T X aw,
0 VX, e [T X ds
=20 Jo X,

T das T2ebT

0 X - E”T/OT Xds

Since ( 0 %) 1S an 1mcreasing process converging to a finite random Varlable, we
=

easily deduce the almost sure convergence of the Brownian martingale < 0: %) .
s/ =0

Thanks to the convergence in law of the term e*” fOT X,ds, we finish the proof using
that

T2 (/T\/YdW>2
0 5 s

T T
_ Tzesz/O E(X,)ds = Tzesz/O <% 4 (x— %>g—bx) ds ;;0.

4. Estimation of the CIR Diffusion from Discrete Observations

In this section, we consider rather a discrete sample (X, )<, of the CIR diffusion
at deterministic and equidistant instants (#, = kA, )<<, Our aim is to study a new
estimator for 6 = (a, b) based on discrete observations, under the conditions of high
frequency, A, — 0, and infinite horizon, nA, — co. A common way to do that is to
consider a discretization of the logarithm likelihood (see [10, and references there]).
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In our case this method yields the contrast

Ln—l a—bth (X LniAn (a—bth)Z’
20 5 X X

Tept fk) -
40 (5 %

Tk
Our approach is slightly different since we discretize the continuous time MLE,
obtained in the previous section, instead of considering the maximum argument of
the above contrast. Doing so, we take advantage from limit theorems obtained in
the continuous time observations. Hence, thanks to relation (14), the discretized
version of the MLE is given by

—1 A, ~1
. (10g X, —logx+a37 5, X_u) =0 8, X, — 1, (Xfu - x)
ay, = n=T &, 5=l A~y 2
Zk:O X_’k k=0 Sny — tn
(15)
—1 A, -1 A,
" t, <log X, —logx+aY 2, XT) - (X, —x) X5 -
= n—1 A, -1 2
Zk:O X_rk k=0 Aank - tn

.. . . ~A A, TA

In order to prove limit theorems on the discrete estimator, 0," := (a,", b, "), we need
A n-1 t ds n-1 4,

to control the errors [ X ds — Y/, A, X, and f %~ > ico X, and some moments

behavior on the increments of the CIR process are needed.

4.1. Moment Properties of the CIR Process

Let us first, yield some essential properties on moments of the CIR process.

Proposition 3. For all n €] — £, 400 we have

1. For b =0, we have

(¢ +n)
E (X)~c"—2—=¢", ast— +oo,
Do
1l E (X))
and we have, supy,.; E,(X;) < oo and sup,., =7~ < oo.

2. For b > 0, we have

as t — —+oo,

62>" (% + 1)

E, (X7)~ <ﬁ Tf)’

and we have, sup,., E,(X}) < oc.

Proof. For the first assertion we take p = 4 = 0 and let x tend to 0 in relation (3)
of Proposition 1, it follows that

IE, (X)) = (ar)ﬂw exp (=) iF (5402 2)
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and we get the result using that

The second assertion is immediate using the previous assertion and that, for b>0,

we have the relation X, = ™Y (£ (e” — 1)), where Y denotes a BESQy . As the
function 7 — [E (X}) is continuous we obtain the last result. d

In the following, C denotes a positive constant that may change from line to
line.

Proposition 4. In the case b > 0, let 0 < s < t such that 0 < t — s < 1 we have

1. Forall q > 1,
E|X, - X' < C(t = 9)*.

2. For all a > 2o,

1 1

< X

t N

E §C(t—s)%.

X

Proof. First, note that by linearization technics we obtain

d(e"X,) = ae”dt + ¢"\/26X,dW,. (16)
Hence,
X, - X, = (% - X) (1 — ™) + f LMD 2K AW,
Let g > 1,

q q
+ 247,

s

EJX, - X, <277 (1= ") B, |7 - X

t
f e P /26X, dW,

s

The first term in the right-hand side is bounded by C(¢t — s)? since 1 —e™ < x,
for x >0, and sup,. [E,(X/) < oo (see Proposition 3). For the second term, the
Burkholder-Davis-Gundy inequality yields

t q t 3
E, < / e bt=1) ZJXMqu) <E, ( / 2ae—2”<f—">xudu>

For g > 2, we apply the Holder inequality on the integral to obtain

t q t
E, (/ e-”“—"),/zaxudwu) < C(r— ) / e MO (X7) du

< C(t—s)?,
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since the integrand is bounded using sup,. ]EX(XM%) < o0. For 1 < ¢ < 2, we apply
the Holder inequality on the expectation and we obtain

[

t q t
E, ( / e—b<'—">,/2axudwu> < ( / 20e‘2b(t_“)]EX(Xu)du)
< C(t—s)?,

since the integrand is also bounded using once again sup,. [E, (X,) < co. Combining
these three upper bounds with 0 <7—s <1, we deduce the first assertion.
Concerning the second assertion, we use the Holder inequality with é + % =1 and

a

2 < p < 2 which ensures the boundedness of all the terms. We obtain

1
X

t

x| < 1% =X, |X71) X7, < e =92,

X

since by Proposition 3 we have sup,., IE, (X, ") < oo, for p < £, and [E |X, — X | <
C(t — 5)3, for ¢ > 2. O

Proposition 5. In the case b =0, let 0 < s < t such that 0 <t —s < 1 we have

1. Forall g =2,

X, — X,|9 < C(t — 5)! sup E,(X.).

S<u<t

2. Foralll <g<?2,
E X, — X,|? < C(at +x)*(t — 5)*.
3. For all a > 20, there exists ¢ > 2 and 2 < p < % such that

1
X

X

1
< C(1— ) sup (mx(xé))q I, 1%, -

t s

Proof. First, we have

t
X, — X, = a(t —s) + / J26X,dW,.

Let g >1,

q

E X, — X,|9 <297 (a(t — 5))? + 297'[E,

t
[ VaoX,aw,

For the second term, the Burkholder-Davis-Gundy inequality yields

t q t %
E, ( / ,/2axudwu) <E, ( f 20Xudu>
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For g > 2, we apply the Holder inequality on the integral to obtain

t q t q
E, (f Jzaxudwl,) <C(t - s)%*/ E (X2)du < C(r — 5)% sup E, (X)),

SSu<t

which completes the second assertion. For 1 < ¢ < 2, we apply the Holder inequality
on the expectation and we obtain

t q t 3
E, ([ \/ZO'XMqu> < (/ ZGIEX(XM)du> < Clat+x)¥ (1 — )%,

using [E (X,) = au + x. This completes the second assertion. Concerning the last

a

one, we use the Holder inequality with { +2 =1 and 2 < p < ¢ which ensures the
boundedness of all the terms. We obtain

11 ; s
X, - z\ <%, = X, |x71), 1%,

X

’

P’

3 % é -1 -1
< - 9* sup (B,06H)" X1, ]%]
S<u<t
since for ¢ = 2, IE,[X, — X,|* is bounded by C(t — )1 sup_,, I, (Xi). O

4.2. Parameter Estimation of 0 = (a, b)

The task now is to give sufficient conditions on the frequency A, in order to get
the same asymptotic results of Theorems 5 and 6, when we replace the continuous
MLE estimator 0, := (a, , b, ) by the discrete one 02" = (&[A"", bé”).

Theorem 8. Under the above notations, for b > 0 and a > 2a, if nA> — 0 then we
have

n—1

1 1
Vi, (Z/O X,ds — - ZAank> — 0 and

n k=0

N G SR SR (17)
— —ds — — —
"\t, Jo Xss t X ’

n n k=0 "ty

in L' and in probability. Consequently,

A b
%y {JTH(Oﬁ" - 0)} = N2 (0, 26T7"), with T = (fl_—f al) .

b

Proof. For the first convergence in relation (17), thanks to the first assertion of
Proposition 4, we consider the L' norm and we write

1

I n—1
v /0 X,ds — Y A,X,

k=0

]EX
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Z/IMIE X, — X, | ds

'lkO

n—1

C n—1 1
fk+l«/_t,€dv< —ZA,, — CJnA, — 0,
nk() \/_ﬂk()

since nAﬁ —> 0. In the same manner, thanks to the second assertion of Propostion
4, we have

1

t

wds DA 1
- _ Z n
Xx k=0

¥ % ds < Cy/nA, — 0.

s Iy

X

XE /fm

0

n

Finally, as \/t_n(@fx —-0) = JT,,(@),A — @,”) + /1, (9,” — 0) and thanks to Theorem 5,
it is sufficient to prove \/t_n(@,A”" — @,ﬂ) — 0 in probability. This last convergence is
easily obtained by standard arguments using the first part of the theorem. In fact,
for instance to prove the convegence of the first compenent we write

_ Ern \/t_n(AtA,,n - At”) - At,, \/a(ﬁﬁn -

Vi@ —a,) (A A
Btzn + Bt,, (Btn,l - Bz,,)

where

~ logX, —logx t d 1 i X, —x
A[ — <u + g/ _S> <_ / Xsds> _ t,
" t t, X, t, Jo t

n n n

- 1 inds
B =(— / f X,ds) — 1,
" t, Jo X
and (Xf,ﬁf) is simply the discretization version of the couple (Z,n,’l?,”). From
the first part, we have the convergence in probability of ﬁ(Ai" — A,n,/l}fn” — E,n)
toward zero and from Theorem 4 we have the convergence in probabilty of the
couple (4, , B, ). Which completes the proof. |

Theorem 9. Under the above notations, for b = 0 and a > 20,

1. If nA? — 0, then we have

( / X.ds— = Z A er) — 0, in L' and in probability.

nkO

3

2. If log(n"A ;= 0, then we have

1 b1 . A, — . .
t, —ds — > =% ]| —0, inL'and in probability.
logt, Jo X log1, 1y =0 Xo,
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Z

3. Consequently, if nA2 — 0 and log(n"A 5 —> 0, then we have

S&,{diag(‘/logtn, £)(0% —0)} ( 20(a — 0)G, “_Rl),

1

where (R,) is the CIR process, starting from 0, solution to (2), I, = f(; R.ds, and G
is a standard normal random variable indepedent of (R, I,).

Proof. For the first convergence, thanks to the second assertion of Proposition 5,
we consider the L! norm and we write

n—1 lnl el
—IE / de—ZAX <—
nkO
C”1 lgt1
< — / vas+ xi/s —t ds
Iy =0
< as -+ x

since nAﬁ —> 0. In the same manner, thanks to the second assertion of Propostion
4, we have

1

n—1 n— .
Z, . tnﬂ_ An < Z, Z/rkl]Exi_L ds
logt, o X, X, logt, ;= /u X, X,
A "~ 1 g 71/
< l‘\/ n / sup (IEX(XMZ)) X:l H ”X;lH ds,
logtn o k Ay P

using the third assertion of Proposition 5. Thanks to the first assertion of
Proposition 3, in one hand, for s < | the integrand is bounded, and in the other
hand, for s > 1,

q 1 1
sup (]EX(XL,2 ))q < Cs?, ||X3‘1Hp <Cs7!, and

fp <u<s

Ix,! ||p < Ct;' <2Cs™' when A, <

N =

1
It follows that for s > 1, sup, _,, (]EX(XZ )) ! HX;1
for n large enough, we get

X! ||p < Cs~1. Consequently,

P

, wds "A, ol A, 1 t,/A,
BT A B (1+—=)=C ,
ogt, 0 XA i X log t, Vi, logt,
3
since k)g(—A) — 0. Finally, as

diag(y/logz,, tn)(@f”” — 0) = diag(y/log1,, t,,)(@i" — @tn) + diag(y/log?t,, tn)(@,n —
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and thanks to the sqcond assertion of Theorem 6, it is sufficient to prove
diag(y/logt,, tn)(Q,An” — 0, ) — 0 in probability. In order to show this convegence,
a similar analysis to that in the previous proof can be done. Indeed, we rewrite the
both compenents as follows

5,“ logt, (Z,A - Z,ﬂ) - Z,n logt, (B,A - B,n)
D2 + B[’ (D" -D,)

ADy oA
logz,(a," —a,) =

D, 1,(B; —B,)— B, 1,(D;" — D, 2
ﬁgx+5,n(z3, -D,)

tn(ijén - Z;t”) =

where

t logt

R <log X, —logx+o f" ;?
" t,logt, / >

~ 1 puds\ (1 [ 1
D = X —
" <10g t, / X ) (ﬂ / Sds) logz,’

and (Z,An", Eé", B,A) is simply the discretization version of the triplet (Z,”, E;,,» ﬁt)

~ log X, —logx t d
A = oed, T 08X + E/ /
" 12 2 Jo log

From the above assertions, the rate of convergence in probability of (Z,A -

-~

A, B B D " Btn) toward zero is 7,, using Theorem 2 we have the

Iy

convergence in dlstribution of the couple (Z,n, Et”, 5,”), and now it is easy to check
that diag(y/log?,, tn)(H,A”" — 0, ) vanishes. Which completes the proof. O

5. Conclusion

We have investigated the asymptotic behavior of the MLE for square-root
diffusions in ergodic and nonergodic cases. However, these estimators do not make
sense when a < ¢ and are not consistent when b < 0. One can wonder how to
overcome this problem by constructing, in these particular cases, new consistent
estimators with explicit asymptotic behavior.
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